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1. Introduction 

The approach of mathematician Jean-Marie Souriau [1] provided his own path 
through the difficult process of systematically geometrizing physics, by applying 
the tools of symplectic geometry. At the end of his work, he established a link with 
quantum mechanics through its geometric quantization. We propose to attempt 
to follow this path through a complex extension. Before that, we present a descrip-
tion of his construction of the classical elements of physics in a form more acces-
sible to the widest possible audience. At the end of this article, the reader will find 
a first draft of the complex extension, whose sole merit is to show that, as soon as 
one undertakes this type of approach, new elements naturally appear in the for-
malism. These should not be interpreted as established results, but rather as indi-
cations, signals suggesting that this path deserves to be explored further, which 
will be the subject of the following article. 

This article is aimed at engineers, students, and teachers in scientific disciplines. 
Its ambition is simple and explicit: to show that by using familiar tools such as 
matrices and differential calculus, it is possible to reach very high levels of under-
standing of modern physics. 

The reader does not need prior mastery of differential geometry or notoriously 
difficult abstract formalisms. The starting point is deliberately elementary: matri-
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ces, linear transformations, invariants. Step by step, these tools lead to a deep ge-
ometric structure where the fundamental quantities of physics—energy, momen-
tum, angular momentum, spin—naturally appear; that is to say, precisely the ob-
jects that experiment allows us to measure. 

Some technical steps will require the reader to provisionally accept results with-
out immediately having all the justifications. But the essential point lies elsewhere: 
at the end of the process, we discover that these physical quantities are not added 
from outside the model. They are already present, inscribed in the initial, very 
simple geometric structure. 

In 1970, Jean-Marie Souriau built what can be considered a veritable cathedral 
of geometric physics. The aim of this work is not to present its complete architec-
ture, but to offer a staircase of access. By following it, the reader can gradually 
ascend to a viewpoint where the overall structure becomes visible, and where one 
can perceive how geometry organizes and unifies seemingly disparate physical 
concepts. 

This text is therefore intended as an invitation: to observe, through the experi-
ence of calculation, that simple tools, used rigorously, allow access to the upper 
platform, at the top of the cathedral, and to enjoy the view. The reader will be 
tempted to say to themselves, “I didn’t think it was possible to climb so high, to 
understand so much, with such simple tools.” The reward for this effort is a re-
newed vision of physics, where geometry reveals the hidden framework within 
which the laws of motion operate. 

2. The Construction of Euclid’s Group 

3D Euclidean space is defined by its metric: 
2 2 2 2d d d ds x y z= + +                            (1) 

We choose to introduce the column vector: 

x
X y

z

 
 =  
 
 

                                (2) 

And its transpose, the line vector: 

( ), ,tX x y z=                              (3) 

This allows us to translate the expression of the metric (1) into the matrix form 
of a scalar product, using row-column multiplication: 

, tX X X X=                              (4) 

We will now search for a group of matrices a that preserve this length. We have: 

X aX′ =                                (5) 
Which means: 

, ,X X X X′ ′ =                            (6) 

First, consider the translations: 
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X X X X C′ = + ∆ = +  with 
x

X C y
z

∆ 
 ∆ = = ∆ 
 ∆ 

              (7) 

Consider two points A and B in space. Translations preserve the length of the 
segment B AX X X= −  simply because: 

B A B A B AX X X X X X X X X X′ ′ ′= − = + ∆ − −∆ = − =            (8) 

Therefore, (6) is automatically satisfied. We will represent this “translation” ac-
tion in the form of this matrix with format (4, 4): 

1 0 0
0 1 0 1
0 0 1 0 1 1 1
0 0 0 1 1 1

x x x x
y y y x C X X C

X TX
z z z x

∆ + ∆     
     ∆ + ∆ +          ′ = = × = = × =          ∆ + ∆           
     

  (9) 

We have just constructed, in matrix form, the group of 3D translations. Let us 
take another matrix a, and express that it preserves the length: 

t tX X X X′ =′                            (10) 

( ) ( )t taX aX X X=                          (11) 

But: 

( )t t tAB B A=                            (12) 

Therefore, relation (11) is satisfied if the matrices a obey the relation: 
ta a I=  (identity matrix)                     (13) 

This implies that the inverses a−1 of matrices a have their transposes ta. The de-
terminant of these matrices is ±1. When it is +1, they are the matrices of 3D rota-
tions. Since this set contains the identity matrix, it is a “special orthogonal” sub-
group denoted by SO(3). When the set consists of elements whose matrices are 
−1, its elements associate a rotation with a P-symmetry, a “right-left” inversion. 
The union of the two forms the “three-dimensional orthogonal” group O(3). We 
will opt for another matrix representation of this group, using (4, 4) matrices: 

0
0 1
a 
 
 

                             (14) 

By combining these two elements, we obtain the three-dimensional Euclidean 
group: 

0 1
0 1 0 1 0 1
a C a C     

× =     
     

                     (15) 

The Euclidean group is the isometry group of Euclidean space, as defined in (1). 

3. Construction of the Poincaré Group 

Let us consider the metric of space introduced in 1909 by Minkowski [2], whose 
points are located using the four coordinates ( )0 1 2 3, , ,x x x x , where ( )1 2 3, ,x x x  
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are the space coordinates and 0x  the time coordinate, the chronological coordi-
nate. 

2 2 2 2
0 1 2

2
3d d d d ds x x x x= − − −                      (16) 

We will opt for the representation of quadratic forms introduced by the Dane 
Jørge Gram in 1883 [3]. We will use a Gram matrix for this: 

1 0 0
0 1 0

0 0 1

± 
 ± 
 
 

± 





   



                        (17) 

In this case, that of special relativity, presented by Einstein in 1915 [4], is: 

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

G

 
 − =
 −
 

− 

                       (18) 

Which is equivalent to a signature: 

( )+ − − −                             (19) 

The metric then takes the form: 
2d d dts X G X=                           (20) 

We can immediately see that in Euclidean space, the Gram matrix is simply the 
identity matrix: 

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

I

 
 
 =
 
 
 

                        (21) 

We will similarly search for the matrices that will constitute the isometry group 
of the Minkowski space. We first find the subgroup of spacetime translations, which 
we will represent in the form of (5, 5) matrices: 

0

1

2

3

1 0 0 0
0 1 0 0

1
0 0 1 0

0 1
0 0 0 1
0 0 0 0 1

x
x

C
x
x

∆ 
 ∆     =∆     ∆ 
 
 

                    (22) 

We will proceed in the same way by searching for matrices L which, acting on 
the points X of 4D space, preserve length, that is to say, such that: 

( )tt t t tX GX LX GLX X LGLX X GX′ ′ = = =               (23) 

This will give us the axiomatic definition of the Lorentz group: 
tLGL G=                             (24) 

It is thus understood that the complete axiomatic definition of the orthogonal 
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group O(3) is in fact: 
ta Ia I=                             (25) 

In 1905, Henri Poincaré identified a group structure in the transformation in-
troduced by Lorentz in 1904 [5]. He included spacetime translations in the process 
[6], which gave the isometry group of Minkowski space, which would henceforth 
be called the Poincaré group. 

0 1
L C 

 
 

                             (26) 

We see that the Lorentz group represents 4D translations in a Minkowski space, 
which some interpreted as four-dimensional “Euclidean” rotations, where one of 
the dimensions, that of time, is then purely imaginary. 

4. Minkowski Space Geodesics 

Geodesics are the shortest paths, therefore falling under the variational approach: 
2 2 2 2
0 1 2 3

2 2 2 2
0 31 2

d d d d

d dd d d 0
d d d d

x x x x

x xx x p
p p p p

δ

δ

− − −

       
= − − − =       

       

∫

∫
          (27) 

or: 
2 2 2 2
0 1 2 3 d 0x x x x pδ − − − =∫                        (28) 

We are therefore in a situation that leads to the Lagrange equations, with the 
Lagrangian: 

 
2 2 2

1
2

0 2 3L x x x x= − − −                        (29) 

and Lagrange equations: 

d
d i i

L L
t x x
 ∂ ∂

= ∂ ∂ 
 

But we saw [7] that if the derivatives were taken with respect to the length s, we 
also obtained the geodesics with the Lagrangian: 

2 2 2 2 2
0 1 2 3L L x x x x′ = = − − −                     (30) 

The Lagrange equations then give: 

0 1 2 3 0x x x x= = = =                       (31) 

Geodesics are lines in spacetime: 

0 0 0x a s b= +                        (32) 

1 1 1x a s b= +                        (33) 

2 2 21x a s b= +                       (34) 

3 3 3x a s b= +                        (35) 
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However, in shifting from the L-Lagrangian function to the L2-Lagrangian 
function, the Lagrange equations reveal real curves, see Equations (32) to (35), but 
no longer satisfying the condition of non-negativity of the quantity under the rad-
ical. These real lines are then equipped with an imaginary length. They can be called 
virtual geodesics. They do not belong to the solution hypersurface. Light follows 
geodesics of zero length. From (16), by setting the condition of non-negativity of 
the length s or the proper time, and setting s = cτ and x₀ = ct, we obtain: 

22 2
2 231 2 dd d

d d d
xx xc v

t t t
    ≥ + + =     

     
                  (36) 

The speed cannot exceed the value c. 

5. Connected Components of the Isometry Group 

We have seen that the orthogonal group has two components, called connected 
components. These are components that preserve the orientation of objects and 
components that include a P-symmetry, which reverses this orientation. We can 
perform the same analysis with the Lorentz group. In Minkowski space, we will 
therefore seek to identify components involving time inversion (T-symmetry) and 
space inversion (P-symmetry). The Lorentz group contains the identity element, 
which reverses neither time nor space: 

4

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

I

 
 
 

=  
 
 
 

                        (37) 

Among all the elements of this group of matrices, we will group together all 
those which, like the identity element, do not invert time or space. They will form 
the identity subgroup { }nL . Among these elements, we will find an infinite num-
ber of elements that invert space, such as: 

1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1

     
     − − −     
     −
     

− −     

         (38) 

We will group them into a set { }sL . We will also have the elements that reverse 
time, but not space, such as: 

1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1

− − −     
     − −     
     
     

− −     

         (39) 

We will group them into a set { }tL . Finally, there will be the elements that 
invert both space and time. Among these: 
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1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1

− − −     
     −     
     − −
     

− −     

      (40) 

Elements that will constitute the set { }stL . Thus, the complete group will be 
the union of its four connected components: 

{ } { } { } { } { }n s t stL L L L L= ∪ ∪ ∪ .                  (41) 

The set: 

{ } { } { }o n sL L L= ∪                         (42) 

Forms the orthochronous subgroup, or restricted Lorentz group. The set of 
time-reversing elements will form the orthochronous subset: 

{ } { } { }a t stL L L= ∪ .                        (43) 

From the orthochronous components, we can form the restricted Poincaré 
group: 

0 1
oL C 

 
 

                            (44) 

Until 1970, until the mathematician Jean-Marie Souriau [1] explained the func-
tion of these antichronous components of the group, the use of the Poincaré group 
was exclusively limited to the restricted group, equipped with its orthochronous 
components. Before addressing the central theme of this article, we will use the 
axiomatic definition of the group to construct its inverse, which we will need later. 
To do this, we start from (23) and multiply by G-1 on both sides. We obtain. 

1 tG LGL I− =                            (45) 

Taking into account that G-1 = G, we get: 
1 tL GLG− =                            (46) 

We will now move on to the main body of the article: 

6. The Two Ways a Group Acts: Adjoint Action 

It is easier, mentally, to refer to the Euclid group, which encompasses the opera-
tions of translation, rotation, and symmetry. The initial idea is that a group “trans-
ports”. We have a point X in space, and an element a of the group. In the case of 
the Euclid group, we consider a segment AB. By acting on this segment, we transport 
it to another point in space by performing a translation. 

( ), ,X x y z∆ = ∆ ∆ ∆                       (47) 

And a rotation: 

{ }1 32Ω , ,ω ω ω=  (three angles)               (48) 

At a point X, let a be the element of the group. This depends on the point, that 
is, the coordinates used to locate X, and on the six parameters defining the action 
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of this group, the quantities ∆X and Ω. Let’s summarize this action from the per-
spective of “transport”: 

The group, acting on the segment AB , transports it to X X X′ = + ∆  by ro-
tating it by angles { }1 2 21    , ,ω ω ωΩ = . This gives the parameters of the segment 
A B′ ′  (this operation preserving the length of this segment  AB , or “ AB



”). 
But we can consider it differently and say that these components of A B′ ′



 re-
flect how this vector is perceived from this new point of view X X X′ = + ∆ , and 
this is the very essence of special relativity. Let’s limit the Poincaré group to the 
action of its subgroup, the Lorentz group L. By applying an element of this group 
to a “motion,” represented by a segment connecting two points X and R in four-
dimensional Minkowski spacetime, we “see it from another angle” (the action of 
the Lorentz group being equivalent to this 4D rotation). We “change our frame of 
reference,” and we observe that something is conserved (the quantity B As s s∆ = − ). 
In the particular case of photons, when they travel from a point A to a point B in 
Minkowski spacetime, the quantity Δs is zero. By observing this motion of the 
photon from another angle, the quantity is conserved; therefore, it remains zero. 
And, referring to (16), this means that the measurement of the speed of these pho-
tons will also remain at c, whatever the “point of view” (the action of the Lorentz 
group), meaning that at the same point we observe this motion using a measuring 
instrument moving at any speed (Michelson experiment). 

Returning to Euclid’s group, this means that if an observer observes a segment 
AB


 “by turning their head”, or “by observing it from a different point”, or “by 
observing it through its image in a mirror”, or all three at once, the length of this 
segment will be the same. 

We can consider this vector AB


 as an object in Euclidean space. Now imagine 
that our operator changes its point of view, its frame of reference, but now ob-
serves not a vector but a matrix ijA . This matrix, by maintaining more than one 
object, is an operator acting on objects in Euclidean space, a linear operator. 

The group is also a linear operator, limited to rotations and translations. A lin-
ear operator is much more general. Let’s imagine we decide to observe this matrix 
A from another viewpoint { },X∆ Ω . That is, “from afar,” by “turning our heads,” 
and then possibly “using a mirror”. How will the components of this matrix ap-
pear to us if we preserve its functionality, its identity? 

The “identity” of a linear (matrix) operator is its determinant, its trace, and its 
eigenvalues. If we can conceive of a group action that preserves these three ele-
ments, then we will have what we are looking for, in particular, how a linear op-
erator presents itself, seen from another point of view. If we consider the action: 

1aAa−                           (49) 

The first requirement is satisfied, since we know that the determinant of 1a−  
is equal to the inverse of the determinant of a. 

The second follows from a theorem on matrices, which tells us that the trace of 
a product of n matrices, Tr(ABC), is equal to the trace of a product constructed 
using a circular permutation: Tr(ABC) = Tr(CAB), therefore: 
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( ) ( ) ( )1 1Tr aAa Tr a aA Tr A− −= =               (50) 

We recall the definition of the concept “eigenvectors v-eigenvalues λ ”. 
v is an eigenvector of the linear operator A if: 

Av vλ=                           (51) 

or: 

( ) 0I Aλ − =                          (52) 

This is a system of n linear equations. This system gives a non-trivial solution 
0v ≠  if and only if: 

( )det 0I Aλ − =                        (53) 

This gives us the polynomial equation that yields the eigenvalues. These will be 
preserved since the polynomial equations giving the eigenvalues are identical. 

( ) ( ) ( )1det det detI A I A I aAaλ λ λ −′− = − = −           (54) 

But we can write that: 
1 1I aa a Iaλ λ λ− −= =                     (55) 

Thus: 

( ) ( ) ( )1 1det det detI aAa a I A a I Aλ λ λ− − − = − = −           (56) 

The action in question does indeed retain its inherent values. A group, there-
fore, gives us two possible actions, which we must interpret as changes in perspec-
tive: 
- With respect to vectors A, that is to say, the action aA called “regular left” (we 

call it “Right Regular Action”) 
- With respect to linear operators, the adjoint action (also called conjugation) is 

written 1aAa−  
Tha action: 

1a Aa−                           (57) 

It is then only the adjoint action constructed with the element of the group 1a− . 

7. Action of the Group on Its Lie Algebra 

We will continue to clarify elements of calculation using only matrix calculus, 
without delving into the details of symplectic geometry—that is, without explain-
ing why the coadjoint action of the group on the dual of its Lie algebra reveals this 
second space, which Souriau calls the momentum space and which complements 
the Minkowski space. We have just constructed a tool: the adjoint action, acting 
on matrices. We will now apply this tool to a set of matrices constituting what is 
called the Lie algebra of the group. 

The Poincaré group is a Lie group, a group of matrices. The differential aδ  of 
the group is a set of matrices (which do not form a group since they do not contain 
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the identity element) called the Lie algebra of the group: 

0 1 0 0 0 0
L C L C

a Z
δ δ γ

δ δ
Λ     

= = = =     
     

            (58) 

Let G be the Gram matrix of the Minkowski space, also called the “metric ma-
trix”. We will differentiate in the neighborhood of an element ( )0L , according to: 

( ) ( )0 0L L L Lεδ= + = +Λ                     (59) 

And we will pose: 

GωΛ =                            (60) 

By differentiating (19) and doing: 

( )0L I=                            (61) 

That is, by differentiating in the neighborhood of the group’s identity element, 
we show that the matrix Λ is antisymmetric: 

tΛ = −Λ                            (62) 

We will construct the adjoint action of 1a−  on this Lie algebra aδ  of the 
group a. That is to say, the expression: 

1

0 0
G

Z a Za
ω γ −′ ′ ′ = = 

 
                     (63) 

We need the inverse matrix 1a−  of the one representing the Poincaré group. 
We find easily: 

1 1
1

0 1
L L C

a
− −

−  −
=  
 

                      (64) 

By forming (63), we easily find, after having made explicit and taken into ac-
count that GG = I 

tL Lω ω′ =                           (65) 

t tGL C GLGγ ω γ′ = +                      (66) 

This result represents the result of the adjoint action of the element 1a−  of the 
group on the element of its Lie algebra Z ′  (58). 

8. Action of the Group on the Dual of Its Lie Algebra 

The aim of this article is not to explain the path (symplectic geometry) by which 
J-M Souriau establishes this link between geometry and physics, but rather to 
demonstrate to students, engineers, and teachers who have access to matrix cal-
culus, the simplicity, elegance, and clarity of the calculations. At this point, we 
must introduce duality. The element of the Lie algebra consists of an antisymmet-
ric matrix ω, of size (4, 4), therefore with six components. Let us write: 

{ }, , , , , , , , ,sx sy sz fx fy fz t x y zZ ω ω ω ω ω ω γ γ γ γ=              (67) 

It is therefore logical to imagine that the moment represents this set of ten com-
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ponents.: 

{ }, , , , , , , , ,x y z x y z x y zs s s f f f E p p pµ =                 (68) 

The duality corresponding to the relationship: 

,Z Cstµ =                         (69) 

The six components of an antisymmetric matrix M can be arranged in the form: 

0
0

0
0

z y x

z x y

y x z

x y z

s s f
s s f

M
s s f
f f f

− 
 − =  −
  − − − 

                  (70) 

Let’s multiply this matrix by an antisymmetric matrix: 

12 13 14

12 23 24

13 23 34

14 24 34

0 0
0 0

0 0
0 0

z y x

z x y

y x z

x y z

s s f
s s f
s s f
f f f

ω ω ω
ω ω ω
ω ω ω
ω ω ω

−   
   − −   ×   − − −
    − − − − − −  

         (71) 

I simply calculate the diagonal terms to get the trace, and I obtain: 

12 13 14

12 23 24

13 23 34

14 24 34

z y x

z x y

y x z

x y z

s s f

s s f

s s f

f f f

ω ω ω

ω ω ω

ω ω ω

ω ω ω

− −

+ −

− + −

− − −

                   (72) 

When I add them up, I see that I have twice what I’m looking for. So I just need 
to form: 

( )1
2

Tr Mω                         (73) 

With: 

( ) ( )1
2

tZ Tr M P Gµ ω γ= +                   (74) 

The combination { },M P  of an antisymmetric matrix and a vector forms what 
is called a torsor. This term will take on its full meaning when we apply all of the 
above to the Euclid group. It is then appropriate to express the duality in terms of 
scalar conservation (a simple trick for handling matrix calculations): 

( ) ( )1 1
2 2

t tTr M P G Tr M P Gω γ ω γ′ ′ ′ ′⋅ + ⋅ = ⋅ + ⋅          (75) 

It will then suffice to substitute the quantities ω′  and γ ′  into this equation, 
from (65) and (66), to construct the desired dual transformation: 

{ } { }, ,M P M P′ ′→                     (76) 

Let’s perform this replacement: 

( ) ( ) ( )1 1
2 2

t t t t tTr M P G Tr M L L P G GL C GLGω γ ω ω γ⋅ ⋅ ′ ⋅′+ = + +⋅      (77) 
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This equation must be satisfied for all ω and γ. Identification on γ gives, taking 
into account that GG = I: 

t t tP P L= ′                             (78) 

Or: 

P LP′=                             (79) 

The calculation for the application M M ′→  has been returned in the appen-
dix. The set represents the expression of the coadjoint action of the Poincaré group 
on its moment space, a result which was first given by the mathematician J-M 
Souriau in 1970 [1]. 

9. The Euclid Group, a Particular Dynamic Group 

If the reader has followed all these calculations closely, constructing the action of 
the Euclid group on the dual of its Lie algebra—that is, on its moment—will be a 
useful exercise. The result is absolutely similar to what emerges from the Poincaré 
group: 

P aP′=                              (80) 

t t tM aM a CP a aP C′ ′ ′= + −                       (81) 

The formulas are the same, with the matrix of the orthogonal group O(3) re-
placing that of the Lorentz group. The objects P and M then acquire an elegant 
physical meaning. P is a force, and M is a torsional moment. The Euclid group is 
therefore a special dynamic group, that of statics. Any change of reference frame 
in this uniform medium preserves its “state of stress”. 

10. Significance for the Physicist, the Engineer, and the 
Student 

We started with a four-dimensional space, Minkowski spacetime, the spacetime 
of special relativity, defined by its metric (16). 

In Section 2, we constructed its isometry group, the complete Poincaré group 
(26), formed from the spacetime translation subgroup (22) and the Lorentz sub-
group (24). 

In Section 3, we showed that the Lorentz group decomposes into four con-
nected components: two orthochronous components (not reversing time), form-
ing the subgroup known as the restricted Lorentz group, and two antichronous 
components (reversing time). 

In Section 4, we considered two types of action: one acting on vectors and the 
other, the adjoint action, acting on matrices. The fundamental idea of special rel-
ativity was to show that masses and photons correspond to different ways of mov-
ing through Minkowski space, the former along geodesics of zero length, the latter 
along geodesics of zero length. Here we find Souriau’s favorite expression. 
- Tell me how you move, and I’ll tell you what you are. 

We thus identify particles with specific motions. However, joining two distinct 
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points A and B in spacetime with a geodesic is not enough to define the object in 
question. It lacks its attributes: energy, momentum, and spin. The idea is to group 
all these objects according to a matrix, constituting the object moment μ. We then 
consider a change of reference frame, which translates into a group action. The 
action on the left of the group preserves the length s. This action preserves the 
nature of the motion, the nature of the particle. We then seek to construct an ac-
tion that preserves the identity of an object, which takes the form of a matrix, and 
we then define this operator, which is the coadjoint action. We then examine what 
this change of reference frame preserves: these other attributes of the motion that 
the action on the left does not allow us to “see”. We obtain a wrench, an antisym-
metric matrix, plus a four-vector P. Let’s show that the coadjoint action preserves 
its length ( )ttP GP LP GLP′=  is satisfied due to the axiomatic definition of L. 
Therefore, the dot product ,P P  is conserved. This is a property of motion. 
Let’s introduce the scalar E and the 3-vector p by decomposing P according to: 

1

2

3

E
p

P
p
p

 
 
 =
 
  
 

                           (82) 

With c = 1 and: 
2 2 2
1 2

2
3p p p p= + +                         (83) 

We get: 
2 2E p Cst− =                          (84) 

We can therefore change our frame of reference, “consider a motion from an-
other angle,” using an observational or measuring instrument determined by this 
change of frame in spacetime. This quantity will be conserved and will thus con-
stitute a characteristic of this particular motion. Souriau thus reveals, starting 
solely from the space where these motions occur, defined by his metric alone, es-
sential characteristics of the entire range of motions that can correspond to the 
geodesics of this spacetime. Quantities familiar to the relativistic physicist, such 
as energy E and momentum p, emerge from this purely geometric approach. But 
these two parameters are not sufficient to categorize a particular motion. Spin is 
missing. 

The spin 3-vector is one of the two 3-vectors involved in the construction of the 
antisymmetric matrix M, the second being the “passage” 3-vector. Souriau shows 
that this third vector is merely an artifact that must be eliminated by opting for 
the specific coordinate system that accompanies the particle’s motion. For the co-
adjoint action of the group on the spin, we refer the reader to the appendix; we 
wish to focus here on the action on the energy-momentum pair. That being said, 
it is quite remarkable that Souriau, in 1970, brought spin to the fore as an object 
of pure geometry, leading to the concept of a dynamical group. We can say that 
the entire approach illustrates Souriau’s statement: 
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- A little mathematics takes you away from reality; a lot brings you back to it. 

11. Physical Meaning of T-Symmetry 

What does the existence of antichronous components in the complete Poincaré 
group mean? 

Geometrically, this means that, in Minkowski space, if we start with a set of mo-
tions oriented in a past-future direction, by introducing antichronous elements, 
we create their T-symmetrics, the same motions, but with an inverse temporal 
orientation, oriented in a future-past direction. Can we then consider that they 
belong to the world of physics? 

What impact will this have on the parameters of the movement? 
Equation (79) tells us that time reversal, T-symmetry, reverses both energy and 

momentum (referring to the appendix, we will see that it conserves spin). 
Using the relation E = mc2, we see that this reversal of energy is synonymous 

with a reversal of mass. Thus, the subsidiary question that arises is: can negative 
masses coexist with our positive masses in our spacetime? 

In 1970, the emergence of objects with negative energy and mass was viewed 
with perplexity, as physicists preferred to continue limiting themselves to the re-
stricted Poincaré group, restricted to its orthochronous components. The Janus 
cosmological model, on the other hand, exploited the complete group [8], involv-
ing the use of the geometric concept of a covering [9]. 

12. Geometric Translation of C-Symmetry 

In chapter 5 of a work published in 1964 [10], J-M Souriau adds a fifth dimension, 

5x , of the spacelike type, to spacetime. He notes that the inversion of this addi-
tional dimension accounts for charge conjugation. In Chapter 5 of [1], entitled “A 
Method of Quantization,” the link between quantization and the compactness of 
the additional dimension is illustrated. Article [9] is a simple outline, through the 
theory of dynamical groups, of the geometrization of quantum mechanics, by tak-
ing into account additional, closed dimensions. C-symmetry then follows from 
the inversion of the additional dimensions. By coupling this C-symmetry to P and 
T symmetries, through the Janus group, the Janus model then becomes the geo-
metric translation of a CPT symmetry of the two sheets of the coating. But these 
additional dimensions remain real. It seems to us that a geometrization including 
gravitation and quantum mechanics could emerge from a fibration of spacetime 
using compact complex dimensions. Geometrically, if we add a single compact 
dimension (fibered in a circle), the symmetry can be illustrated in Figure 1. 

13. When Quantum Field Theory Rejects a Priori States of 
Negative Energy 

In quantum field theory [11], we find P and T operations of space and time inver-
sion. Two options then present themselves, depending on whether these operators 
are: 
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- Linear and unitary 
- Antilinear and antiunitary 
 

 

Figure 1. Educational image illustrating C-symmetry. q is the 
charge. 

 
The imperative to avoid generating the existence of negative energy states, con-

sidered a priori impossible [12], leads this theory to the restrictive choice: 
- Linear and unitary P 
- Antilinear and antiunitary T 

In 2014, in [12], it was suggested that the emergence of the Janus Cosmolog-
ical Model calls into question this absolute principle of the a priori negation of 
negative energy states. The mathematician Nathalie Debergh takes up this idea, 
showing that with a linear and unitary operator T, such states naturally emerge 
from the Dirac and Schrödinger equations [13] [14]. In 2021 [15], the technique 
for constructing the elements of physics, based on calculating the action on the 
dual of its Lie algebra, was applied, extending it to the complex extension of the 
Poincaré group. This approach seems to us to constitute a tool for a geometri-
zation of quantum mechanics, which remains to be done. However, this highly 
technical study has not garnered much attention from theoretical physicists. We 
will revisit this technique in the following section, attempting to make it more 
accessible. 

14. Construction of the Coadjoint Action of the Dual of the 
Lie Algebra of the Complexified Poincaré Group 

There are works in the literature that represent various attempts to translate quan-
tum mechanics into a geometric approach. Our aim is not to be exhaustive in this 
regard, and interested readers can refer to the articles cited in reference [15]. What 
follows essentially reiterates part of that article, but with detailed calculations to 
make it more appealing to our target audience. It represents one way of presenting 
the extension of the group into complex numbers. 

The real Poincaré group emerges as an isometry group of the Minkowski space, 
defined by its metric (16). Here we will focus on the complexified Minkowski 
space. In 1854, the French mathematician became interested in complex quadratic 
forms [16]: 
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i j
ija z z∑                            (85) 

where iz  is a complex vector, defined in the set 4  and its conjugate (such that 
the imaginary part of each of these complex numbers is inverted): 

z a ib z a ib= + → = −                        (86) 

The following metric corresponds to the reduced canonical form: 
2d i is z z=                             (87) 

In this case, the dot product is always real and equal to the square of the norm 
of the vector: 

2 2 2,z z z a b= = +                        (88) 

In the real case, considering matrices M, we introduced the transposition oper-
ation tM , consisting of performing a symmetry with respect to the main diago-
nal: 

( )t
ij jiM M=                           (89) 

The vector X could then be expressed in two forms. A “standard form”: the 
column vector, and its transpose, the row vector. In reality, the Euclidean metric 
could then be written in the form: 

2d d dts X I X=                          (90) 

where I is the identity matrix (the Gram matrix of Euclidean space). We will use 
the adjoint of a matrix, where there is not only symmetry with respect to the main 
diagonal, but where these terms are also conjugate: 

†
ij ij jiM z M M z= → =                      (91) 

This also applies to vectors. The adjoint of a column vector then becomes the 
row vector where the components are replaced by their conjugates. Thus, in a 
three-dimensional space: 

( )
1

†
2 1 2 3

3

d
d d d d d d

d

x
X x X x x x

x

 
 = → = 
 
 

               (92) 

So, the complexified Euclidean space has the (real) metric: 

2d d ds X I X= †                          (93) 

Similarly, the complexified 4D Minkowski space ( ) 1,3 , will have the (real) 
metric: 

2d d ds X G X= †                          (94) 

where G is the classic Gram matrix (18). We will now search for the isometry 
group of this complexified Minkowski space. Let L be a complex matrix. Let’s 
write that it preserves the length: 

( ) ( )† † †d d d d d dX G X LX G LX X G X′ ′ = =              (95) 
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Earlier, we saw how the transpose of a product is constructed. An analogy the-
orem works for the adjoint of a product: 

( )† † †AB B A=                         (96) 

Thus, relation (95) becomes: 
† † †dX L GLdX dX GdX=                       (97) 

This gives us the axiomatic expression: 
†L GL G=                             (98) 

This is nothing other than the complexified Lorentz group. By adding the com-
plexified 4D translations, we find that the isometry group of the complexified 
Minkowski space is simply the complexified Poincaré group, where L and C are 
complex. Formally, this is similar to (26). 

0 1
L C 

 
 

                             (99) 

We will then extend the calculations of the coadjoint action of the group on the 
dual of its Lie algebra. To perform this calculation, we will need to acquire new 
tools. In the real calculus, we saw the appearance of symmetric and antisymmetric 
matrices, defined by: 

Matrice symétrique: 0tM M+ =                    (100) 

Matrice antisymétrique: 0tM M− =                  (101) 

Here, we have: 

Matrice hermitienne: † 0M M+ =                   (102) 

Matrice anti hermitienne: † 0M M− =                 (103) 

In the real world, an antisymmetric matrix has its main diagonal composed of 
zeros. In the complex world, this diagonal will consist of purely imaginary num-
bers. Let’s begin by constructing the inverse matrix of L: 

( )1 1 1L GL G G L G L I L G L G− − −= → = → =† † †              (104) 

This is the same as (46), but with the transpose replaced by the adjoint. We will 
expand the matrix L around the identity element: 

L I Lεδ= +                              (105) 

By introducing into (104) and neglecting the second order: 

( ) 0tG L G Lδ δ+ =                            (106) 

This means that G Lδ  is an anti-Hermitian matrix which we will denote by ω . 

andG L GG I L Gδ ω δ ω= = → =                    (107) 

We will therefore write the element of the Lie algebra according to: 

0 0 0 0
L C G

Z
δ δ ω γ   

= =   
   

                     (108) 
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If we construct the group’s action on its Lie algebra: 
1Z a Za−′ =                            (109) 

Using calculations entirely similar to those performed in the real domain, we 
obtain the same equations, where the adjoint replaces the transpose. 

†L Lω ω′ =                              (110) 
† †GL C GL Gγ ω γ′ = +                          (111) 

This time, we will put the complex moment in the form of a pair consisting of 
an anti-Hermitian matrix M and a complex four-vector P. 

{ },M Pµ =                              (112) 

An antisymmetric matrix of size (4, 4) depends, in complex numbers, on 12 
scalars. 

The element Z of the Lie algebra of the Poincaré group belongs to a vector space 
of dimension 20 (the dimension of the group). We can therefore write: 

{ }, , , , , , , , ,sx sy sz fx fy fz t x y zZ ω ω ω ω ω ω γ γ γ γ=               (113) 

It is therefore logical to imagine that the moment represents this set of ten com-
plex components: 

{ }, , , , , , , , ,x y z x y z x y zs s s f f f E p p pµ =                 (114) 

The duality corresponding to the relationship: 

,Z Cstµ =                            (115) 

Let us form the anti-Hermitian matrix: 

0
0

0
0

z y x

z x y

y x z

x y z

s s f
s s f

M
s s f
f f f

− 
 − −  −
  − − − 

                     (116) 

Let’s multiply this matrix by the anti-Hermitian matrix ω : 

12 13 14

12 23 24

13 23 34

14 24 34

0 0
0 0

0 0
0 0

z y x

z x y

y x z

x y z

s s f
s s f
s s f
f f f

ω ω ω
ω ω ω
ω ω ω
ω ω ω

 −  
   − −   ×   − − −
    − − − − − −  

           (117) 

Once again, keeping only the trace: 

12 13 14

12 23 24

13 23 34

14 24 34

z y x

z x y

y x z

x y z

s s f

s s f

s s f

f f f

ω ω ω

ω ω ω

ω ω ω

ω ω ω

− −

+ −

− + −

− − −

                      (118) 

These quantities are all of the form ab ab+ . We obtain the desired scalar  

quantity by introducing: ( ) ( ) †1
2

Z Tr M P Gµ ω γ= +  où where M and γ are anti-
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hermitian. We can therefore write: 

{ },M Pµ ≡  with † 4M MP= − ∈                   (119) 

( ) ( )† †1 1
2 2

Tr M P G Tr M P Gω γ ω γ′ ′ ′ ′+ = +              (120) 

We get: 

( ) ( ) ( )† † † † †1 1
2 2

Tr M P G Tr M L L P G GL C GL Gω γ ω ω γ′ ′+ = + +       (121) 

( ) ( )† † † † † †1 1
2 2

Tr M P G Tr M L L P L C P L Gω γ ω ω γ′ ′ ′+ = + +        (122) 

Identifying the term γ  gives: 
† † †P P L P LP′ ′= → =                      (123) 

In the trace, a circular permutation can be performed: 

( ) ( )† †Tr M L L Tr LM Lω ω′ ′=                    (124) 

Separating the terms into ω : 

( ) ( )† † †1 1
2 2

Tr M Tr LM L P L Cω ω ω′ ′= +                (125) 

- The term † †P L Cω′  is the dot product of two vectors 
- There is a row vector †P′  
- And the column vector †L Cω  

If I have a scalar that is the product of two vectors (the components are complex 
this time): 

( )
C

A B AC BD
D

 
= + 

 
                     (126) 

I can form the matrix: 

( )
C AC BC

A B
D AD BD

   
=   

   
                    (127) 

We can see that: 

( )
C AC BC

B B Tr
D AD BD

   
=   

   
                   (128) 

The second term of the second member is equal to the product of a line-matrix 
by a column-matrix. This is equal to the reversed product. Hereafter, schemati-
cally, the product of a line-matrix by a column-matrix: 

( )† † † †P L C Tr L CPω ω′ ′=                     (129) 

In the trace, one can achieve a circular permutation: 

( )† † † †P L C Tr CP Lω ω′ ′=                     (130) 

whence: 

( ) ( ) ( )† † †1 1
2 2

Tr M Tr LM L Tr CP Lω ω′ ′= +               (131) 
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† † †2M LM L CP L
P LP

′+
=

′=
′

                    (132) 

We then see that the group’s action on the anti-Hermitian matrix is expressed 
in the form: 

†a aµ µ′ =                          (133) 

This is the action of the complex Poincaré group, the isometry group of the 
complexified Minkowski space, on the dual of its Lie algebra. The formula is derived 
from that of the action, in real numbers (see the appendix), by replacing transposed 
with adjoint. 

15. Conclusions 

In this work, we have shown that, starting from the sole geometric structure of 
Minkowski space and its isometry group, it is possible to derive, through es-
sentially algebraic means, the fundamental quantities of relativistic physics. 
The approach introduced by Jean-Marie Souriau, based on the action of the 
Poincaré group on the dual of its Lie algebra, thus reveals energy, momentum, 
and spin as intrinsic geometric objects. The value of this presentation lies in 
the fact that it relies on accessible tools, while leading to a unified understand-
ing of physical concepts generally introduced independently. It highlights the 
structuring role of symmetry groups and their actions in the organization of 
physical laws. 

The extension of this construction to the complex framework, proposed here as 
an exercise, constitutes only a first sketch. It nevertheless shows that, as soon as one 
undertakes this type of approach, new elements naturally appear in the formalism. 
These should not be interpreted as established results, but rather as indications, 
signals suggesting that this path deserves to be explored further, which will be the 
subject of the following article. 

We have deliberately kept the present work within a pedagogical framework 
intended to remain accessible to engineers and physics students, using only finite-
dimensional matrix methods and avoiding the technical formalism of infinite-di-
mensional functional spaces. 

In the following article, the situation will become substantially different. The 
transition toward quantum mechanics and quantum field theory naturally 
leads to new classes of groups acting on infinite-dimensional spaces. It is only 
within this broader framework that questions related to asymptotic symmetry 
groups, infinite-dimensional representations, spinorial structures, or formal-
isms such as Newman–Penrose may naturally arise and be meaningfully dis-
cussed. 
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Appendix 

This appendix represents the completion of the calculation of the coadjoint action 
of the group on the dual of its Lie algebra, with respect to the matrix M, a result 
presented by Souriau in 1970 [1]. As will be seen, this formula shows that the an-
tichronous components of the group do not modify the spin. This section makes 
use of theorems concerning matrices. 

We therefore start from Equation (77) of the text, which gives us: 

( ) ( )1 1
2 2

t t tTr M Tr M L L P L Cω ω ω′ ′⋅ = ⋅ +                  (1) 

We will use the fact that the trace of a matrix product does not change if we 
perform a circular permutation within that product. 

( ) ( )1 1
2 2

t t tTr M Tr LM L P L Cω ω ω′ ′⋅ = ⋅ +                  (2) 

The second term of this equation is equal to the product of a row matrix tP′  
by a column matrix tL Cω . Hereafter, schematically, this is equal to the trace of a 
row-matrix by a column-matrix: 

( )'t t t tP L C Tr L CPω ω′ =                         (3) 

And, within this trace, a new circular permutation is performed. 

( ) ( )t t t tTr L CP Tr CP Lω ω′ ′=                       (4) 

Whence: 

( ) ( ) ( )1 1
2 2

t t tTr M Tr M L L Tr CP Lω ω ω′ ′⋅ = ⋅ +                 (5) 

where ω  is an antisymmetric matrix. We know that a matrix’s trace is equal to 
the product of another matrix by a symmetrical matrix. Any matrix can be sym-
metrized or antisymmetrized. In addition, the trace of the product of a matrix by 
an antisymmetric matrix is zero. Whence: 

( ) ( )Tr A Tr antisym Aω ω= ×                       (6) 

We can apply that to the matrix t tCP L′  where we take the trace of its product 
by an antisymmetric matrix ω . 

( ) ( )t t t t t tCP L sym CP L antisym CP L′ ′ ′= +                (7) 

But: 

( ) 0t tTr sym CP L ω ′ × =                      (8) 

So that: 

( ) ( )t t t tTr CP L Tr antisym CP Lω ω ′ ′= ×                (9) 

( ) ( )1
2

tt t t t t tantisym CP L CP L CP L ′ ′ ′= −  
             (10) 

( )tt t tCP L LPC′ =                       (11) 
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( ) ( )1
2

t t t t tTr CP L Tr CP L LPC′ ′= −                  (12) 

Finally: 
t t t tM LM L CP L LPC′ ′= + −                    (13) 

The intrinsic invariance of the magnitude s of the spin vector then becomes 
apparent when the motion is inscribed along a world line (along a geodesic of 
Minkowski space where the length is real). Under these conditions, the vector C 
is collinear with P. In this case, the last two terms of the right-hand side are zero. 
But the transition vector of M is also zero, which gives the matrix M a row and a 
column composed of zeros. What remains is the omega submatrix, the spin sub-
matrix. The action then represents an orthogonal rotation of the spin vector, 
which preserves its magnitude s. Incidentally, let us recall that the momentum 
matrix is 

0t

M P
P

µ
− 

=  
 

                         (14) 

So that the action of the group on its momentum is: 
ta aµ µ′=                           (15) 
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